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Abstract:

In this paper, we develop the approach and techniques of [Boucherif A., Precup R., Semilinear evolution
equations with nonlocal initial conditions, Dynam. Systems Appl., 2007, 16(3), 507-516], [Zhou Y., Jiao F.,
Nonlocal Cauchy problem for fractional evolution equations, Nonlinar Anal. Real World Appl., 2010, 11(5),
4465—4475] to deal with nonlocal Cauchy problem for semilinear fractional order evolution equations. We
present two new sufficient conditions on existence of mild solutions. The first result relies on a growth condition
on the whole time interval via Schaefer fixed point theorem. The second result relies on a growth condition
splitted into two parts, one for the subinterval containing the points associated with the nonlocal conditions, and
the other for the rest of the interval via O’Regan fixed point theorem
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1. Introduction problem for nonlinear evolution equations we refer
the reader to Byszewski [5, 6], Jackson [14], Deng
The nonlocal condition has a better effect on the [8], Liang et al. [17], Ntouyas and Tsamatos [25]

solution and is more precise for physical
measurements than the classical condition alone.
For the contribution to the nonlocal Cauchy

and other papers (see for instance [4, 7, 11-13, 18,
30, 35] and references therein). Boucherif and
Precup [2] explored a new approach and conditions

¥ = Ft, x(1)), for ae. tE f=[0,1]
m
x(0) 4 Zuhx””:U. k=12 ...,m,

E=1

to study existence of solutions to the following
initial value problem for first order differential
equations with nonlocal conditions: where F : ] xR — R is a given function and ak are
real numbers with Pm k=1 ak 6= —1 and tk , k=1,
2, ..., m, are given points satisfying 0 <tl <t2 <.
. <tm < 1. The idea was to put less restrictive
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conditions on F by splitting the growth condition They gave a suitable definition of a mild solution associated with characte

on F into two parts, one for t € [0, tm] and the other established existence results in the case when § and G satisfy Lipschitz
for t € [tm, 1]. In [3] Boucherif and Precup adopted Banach and Krasnoselskii fised point theorems.

the idea of [2] via fixed point methods and Motivated by [2, 3, 33, 34, 36] we investigate existence of mild solutions 1o
presented existence results for mild solutions to the order evolution equations with nonlocal conditions:

following nonlocal Cauchy problem for first order

) - CoE (1) = Ax(t) + L x(1)), @ (0,
evolution equations: '

m
x(0) =3 awx(n), k=12
LA =1L, 1, .
We develop the approach and techniques from the above papers and establ
and weak assumptions on f by utilizing fractional caleulus and Schaefer ar
suitable definition of a mild solution to equation (1) by introducing a bound
first existence result relies on a grewth condition en J and the second one
parts, one for [0, 1], and the other for [1,,1]. Our assumptions on [ are n
imposed in [34, 36]

0+ o) =0, k=12...m,
k=

where A: D{A) € X =+ X is the generator of a Co-semigroup {T(t): £ 2 0} on a Banach space X and f: /x X
a glven function.

I 23, 24] Nica and Precup developed further the approach and techniques of [2] and applied them in order ta <t
nonlacal Cauchy problem for first arder nonlinear diflerential systems.

Recently, fractional order differential equations lound application in studies related with viscoelasticity, eleetr 2 Pre"minaries

wits, nonlinear oscillation of earthquake and etc. There appeared a number monographs which provide with 1

thearetical tools for the qualitative analysis of fractional arder differential equations, and at the same tine sl

interconnection as well as the contrast between integer order diferential madels and fractional order differential Let C{1, X)be the Banach space o ll X-vlued contnunus fnctons ko no X endowed with the o [ =
[1,9,15,16, 16,20, 27, 29 supy o). For ety we denot e = el

A ploneering work on existence of solutions to the following initial value problem for fractional order differential ec

with norlocal condilons: Definition 2.1 ([15])
The fractianal integral of order y with the lower [init a € & for a functon I: [o,00] = R is

=l ee) tel o w
W)+ Gl =n  weX, fu’ﬂF@[@“ e, y20

provded that the righthand side is poini-wise defined on [0, oa), where [{-) s the gamma functian. The Riemani-
Liouwille derivative of order y with the lower limit zero for & lunction 0, 00) =+ R s

where the symbol CD&; denates the Caputo fractional derivative of arder & with the lower limit 2er, [+ | . e

the nonlocal term G: C{J, X] = X, is due to N'Guérékata 211 In[22] N'Guérékata noted that the results D= M-y L md&. 20 a-l<y<n
only in finite dimensional spaces. Dong et al. [10] revisited the above problem and presented some new ex

under certain suitable conditions, extending the results of [21] o infinite dimensional spaces. The Caputo dervtiv of uder p for a function I:0,00] =+ Rls

Znou and Jiao [36] studied the following nonlocal Cauchy problem for fractional order evolution equation: ey
LD.{,m}:LD;J(im-[Eﬂ“[m)‘ (30, p=1¢yn.
Dol = A4 1000, ag ) el .

1(0) 4 Cly) = x, HEX. Remark 2.2.
I s an abstract funcion with values in X, then the Integrals n the defintion are understood n Bochner's sense.

Suppose M = sup | 11| and define
e

M) = r LOTEND,  S=a f GLOTEnde 130
0 0
L= 0 020

e %Z[_I}" g 1wsinirma}‘ B e (0,20),

a=1
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where & 15 a probability density function defined on (0, 2¢], that 1§

L)z de(lw), [&16]49:1.

I a recent paper, Zhou and fiao [37] gave some basic properties of T and 8 which will play an important ol
sequel.

Lemma 2.3 (37, Lemmas 3.2-3.4)).

(i) For any fixed t 2 0 and ony x € X, |T(t)a] < M]x] and [S[t)x] < M|x}Tia)
(i) {T{1): 1 2 0] and {8[1): ¢ 2 O} are strongly continuous.
(i) For each t > 0 T(f) and 8{t) are compact aperaters if T(1) s compact

Further properties of T and & were explored by Wang and Zhou [31, 32
Suppose that there exists the bounded operator B: X —+ X given by

B= I-iaﬂ{r‘}} ‘
k=l

Applying [33, Thearem 33, Remark 34] we can give twa sufficient conditions for the existence and boundednes
aperator B.

Lemma 24,
The operator B defined in (2) exists and is bounded if ane of the lollowing two conditions holds:

(Cy) there are real numbers a; such that
n
MZ Jogf < 1;
=

(Cy) T(t) is compact for each > 0 and the homogeneous linear nonlocal problem
D) =Ad) e, 1€l x0=) enl)
[

has no non-trivial mild solutions.

Proof.  Under assumption (C;), rom Lemma 23 ) and (3) we have

lifhﬂh]i

<MY o<1,
k!

Thus by the Neumann theorem, B exists and it is bounded. Under assumption (Cy), it is obvious that m
10 (4) have the form x(1) = T(t)x(0), hence

)= Y o)=L oiTlu0

kst k=l

By Lomma 23], T(n) is compact for aach t, > 0,k =1,2,...,m. Thus T, a7t )ic also compact. Since
has o non-trivial mild solutlons, one obtalns the deslred result applying the Fredholm alternative theorem.

www.jbstonline.com

Stnilarly to 36 one can introduce the lellowing definiion of ild salutians to (1).

Definition 2.5,
Ao € () sl a il o o (1) i he lloin e
=T ety 1€l b
=
where
wwﬂwﬁwqmmm 0
o= 1= - e M
Remark 26.

D to [36] a mild solution 1o fractional evolution equation (1) with the tntial condition s x{t) = T(0px(0) + g(r), s0
faking into account our norlacal conditon, we get

W)=Y o+ ) ol
k=t

k=l

Soal)= T e Blglt) and hence g = (0 T aiBlgle ) + 1t it s exactly 5

3. First existence result

O frst existence result is based on the well-known Sehaefer fixed point theorem | 26]

Theorem 3.1.
Let F: X = X be o continuaus mapping of X into X which is compact an each baunded subset of X. Then either

(i) the equation x = AFx has a solution for =1, or
] the set {x € X+ x = AFx for some & € (0,1)] 15 unhounded.

I this section, e will study our problem under the follawing assumptions:

(FiJ £ 13X =+ X satisfes the Carathéadary conditins.

() There is a function h such that f hit) oists for all £ € J and  h(| € C(0, 1] E*) with lim, g bt} = 0 and

a nondecreasing confinuous function {: B = & such that
o)l < befl)

for all x € X and for almast every t £ |

Remark 3.2.

In our prevous works [, 30], we assumed that there exsts a function b & L"{J, B}, &) € [0, ), where LF(], )

denates the Banach space of all Lebesgue measurable functions h | - B with the nom of h given by

( ﬁ |ﬁ=(r}|"‘Par]ﬂ, Tepdm,

il sp |h{f,  p=oo,
A=t

IMliyae =
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where ) s the Lebesgue measure on 1. Howee, it s not dificul to vl that the eld fstrong) conditon
LVen{], &), & [0, o], implies a new (weak) condition £ (-] € C((0,1], &) with Iilun e A =0
=l

1
(Ha) The inequality lunsup [ MZBQ[p]Da.UMh[m+Mﬂ|p)supl‘§hll) 1 holds.
ket

(Hy) Tt is compact 1nr aach 130

We consider the fallowing problem:

O () = A 4 M), @E 0] Ate,

=) ax)
k=1
Defne an operator F C{J,X) =+ C[/,X) as follows:
(Flt) = () 4 (Faln, 1€,

where Fi2 C{J,X) = C{1,X), 1=1,2,are given by the formulas
(Fl)=T0 2 ol (= gl
k=1

where 81 the operator defined (n (2], gln) is defined in (6) and gff) ts defined in (7). Obiiosly, & mild solutior
equation (8) s a solution to the peratar equation

r=Afx

and conversely. Thus, we can apply the Schaeler fixed point thearen to derive the existence of salutions to equation

Lemma 3.3,
There exists o constant R > O independent of the parameter A € | such that ] < R for every solution »
equation [%).

Proof. Dente Ry = [ . Taking into account our conditions and Lemma 24(C5),(C2), it follows from [3) that

[+ < IFe + DR < MY._[onlIBIg(u] + el €.
Note that

-5 -3 [ -5 s

s—m f (=5 hishds = MOR)G, Ay, k=12...m,

(¢

and

IS [Rﬂi[[! s M) ds = Mﬂlﬁ;]sup!grh[r] tel.

Fram (10]-{11), ane has

Ro= Ixle < MFIBIONRYY_ou[f, it) + MOUR)sup i) €
[X] el
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which inplies

o[ M Hﬁllﬂlﬁn[lﬂd"’ W)+ Mﬂ{Ra}SUPfE ﬂl'l') (1)

k=1

Hawener, accarding to (1), there exists R » 0 such that for all R R* we have

o i
RWMM[mwmwmwwd>m ]

Notw, comparing (12) and (13), we deduce that Ry € R*. As a result, we find that x| £ R This completes the
prodl, ]

Let Bg = {x & C[/.X): [x]c < R'). Then Bee is a bounded closed and convex subset in C(),X]. By Lemma 33, we
can deive the lollowing result

Lemma 34,
The operator F maps B fnto itsell

Lemma 3.5.
The operator F: Bg. = Bee 15 completely continusus.

Proof. For our purpese, we only need to check that Fi: B = Bee, i = 1,2, is completely continuous. Firsly
by repeating the procedure of our previous work (see Step Il in the prool of [36, Theorem 31], one can obtain that
Fy: B = By s completely confinuous. We only emphasize that the main difference s that the condition h €
L%r(f, &), @ & [0, is replaced by the new condition J} ) € C{10,1,E*) with ’|iﬂl_ =0

Secondly, ane can check that Fy: Bp. = Bge is continuous (by (Hy], (Hy) and Lemma 23 (i) and Fy: Bae = By s
contpact since 1) is compart for each t > 0 (by (Hy) and Lemma 23 i), 0

Now, we can state the main result of this section.

Theorem 36.
Assunte that Hhj-{H:) held and condition Cy) {or Cy) s satisied. Then equation 1 has ot least ane solution u €
C{1X) and the st ofsolutons to eqaton () s bounded i ([, X).

Proof.  Obiicuel, the set i & C11X) = AFx, 0. 4 < 1] is bounded due to Lemma 34. Now we can apply
Theren 31 to derve that £ has  fsed oot in By which i just the nild sution o equafian (1) 0

4, Second existence resul

Qur secand existence resultLs based on the O'Regan fsed palnt theoren [26]

Theoram 4.1, . B
Lot U be an apen set in a closed cove set € of X. Assune 0 € U, T{U) is bounded and T: U =+ € is given
by T =Ty 4 Ty where Ty T = X s campletely continuous, and Ty U = X is o nonlinear contracion. The elfher

{17 s o fsed oin in U, o
(i) there is o paint & dL) and 4 € (0,1) with s = AT{y.
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In addition to (Hs), (Hs) and (1] for (CoJ), motivated by Boucherif and Precup [2, 3] we tntroduce the folle

assumptions:

() There exists a function b such that I A(1) exists for every 1 € [0..] and §h{| € C|0,4,]
L g+ 5, h{1) = 0 and & nondecreasing contlauous function 0: B = B such that Jf[t,4)] < a)(
allx & X and for e 1 € [0,fa], and for every 1 € [ty, 1] there exists a function £ such that ? (1] ¢
I A€ Clta, 1R such that

L)

for all x € X and for ae. 0 € [t,, 1] Moreaver, () has the property

> MO | 3o 18] +1 ) sip )

kel 16[04a]

for all £ R 0.

(Hs) There edsts a hinclion g such that £ g) eisis for every 1 € [t and ] g[) € (1]

M sup f(t) < 1 and a nondecreasing continuous function Y B = B with W) < rfor r > 0 such
]

At = . 0)) < gl ¥l - i)
for a. 1€ [ty, 1] and for all x,4 € X.
Consider equation (8] agan and the equivalent equation
v=4lx,
where T CUX) =+ CIX) i deined by (Tl = (Tufl) (Tt £ € 1, T €0LK) = €10.X), = 1,2
by

where (] is the Lebesque measure on J. However, it s not dificul to verify that the ld (stiong) cor
L1 (1, ), & € [0, ), implies & new (weak] condition £ h(-) € C{(0, 1] B*) with Iirbn fi by =0,
por

1
(Hy] The inequality lunsup b Wﬂﬂlp][hdlﬁuh !*)+Mﬂ|pjsupf31hll) > 1 holds,

a1
(Ha) Tt s conpact far each £ > 0.

W consider the following problen:

) = A + ML) @€ 01 Atel

=) ().
ket
Define an aperator F: C(,X) = C{J, X) s follows:
(Fx(t) = (Flt) + ()1, 1€,

where Fiz C{1,X) = C(,X), 1= 1,2 are given by the formulas

(Fixl) =710 )_auBiglt).

k=1

(Fax)(t) = 1t

where B is the operator defined in (2), g(ti) is defined in (6) and g(t) is defined in (7). Obviously, a mile
equation (8) is & salution to the operator equation

r=AFy

and conversely. Thus, we can apply the Schaeler fixed point theorem to derive the existence of solutions to ¢

Lemma 3.3.
There exists a constant R* > 0 independent of the perameter 4 € | such that ] < R for every s
equatian (%)

Proof. Denote Ry = [x]c. Taking into account our conditions and Lemma 24(C:), (Ca), it follows from
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I < I+ DFo] <MY [o Mot + ot e (19

[C]

Note that
i Mt
il < ] o sl < L 5 90l
nl?ﬁ][ (=" hg)ds = MURG, b, k=12,
and

||g[!]Hg VIR [ (t=5"h{s)ds = MﬂIRo]sup!gJa[!] tel. ]

From (10)-{11), e has

fo=lc swllﬂl\ﬂt&l[\m!&.ﬂ{wMﬁt%}sugfa.hm. tel,
Jei 1

T oiBlth + (et
M=y 5 .
?ll][mﬂlgtmhf [t=9 '8t =g)f{s (g ds, e, 1]
el g
0 tef )
(=

][r (- )l(s sl ds,  tEt, 1]
Wefirst prove that solutians to equatian (16) are a priar bounded.

Lemma 4.2
There exist R >0, =1, 2, independent of the parameter ), such that [x| oy, v < R} ond [x]eg, 1. < R, that s
el < R = max{Ry R} for every solution x of the equation (16).

Proof. Case 1. We prove that there exists R > 0 such that [iejus, . < R For 1 € [0, 1] and A €/, denote
Rus, = g, we hae

[+l < AT+ 1T SMDMIHBHH?(MH gl

gMDn.H\BHr[ [ (t- s]”hlsﬂ[ﬁm}dﬂ ] (1= "h)0( Ry, ) s

<l Daﬁmsuﬂ 0

16[D4a]
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One can proceed as in the proof of Lemma 35 to obtain the following result,

Lemma 44.

The operator Ty: D C(1,X) is completely continuous.

Lemma 4.5.

The operator Tp: D = C(1,X) is a nonlinear contraction.

Proof. From the definition of T, we only need to show that T2 = C1[t,, 1],X) s a nonlinear
for any x, 4 & T and t € [t,,1] we have

1Tit) = (Tg)(0)] < fu o 8{t = (s, ) = 15, y(s)] ds

T J[’ $I°qle] W(Ixts) - yts] ) s

¢ MYl = yle)

T Ltr o w[swss[.'vl“s:?fl:f,‘;ﬁqm)'~P[||x

which implies | Tox = Tyyle € (] =y )

Moy, we are ready to present the main result of this section.

Theorem 4.6.
Assume that (Hy), (Hy), (Hs) and (Hg) hold and candition (C) {or (C) is satisfed Then equation (1) hos af lec
solution u € (], X).

Proof. By Lemma 42 we sea that (i) in Theoren 4.1 does not hold for /=D, Therelore, rom Thearem 41,
afised palnt in D which is just the mild slution to the equation (1]. This conpletes the proa

Finally, we try 1o change the condifions (H:] and (Hs) to the following parallel conditions:

(Hs') Cundition (H;)is assumed without (14).

(He) Deoting 6= Lim inf W{r)ir < 1, condition (Hy) is assumed in addition with
Tl

Mi sup I glt) < 1.
telte 1]
Corollary 4.7.
The existence result fn Theorem 46 also halds even If (Hs) and (Hy) ore replaced by the conditions (Hs') an
respectiely.

Proof.  Indeed, we can modiy Case 2 in the proof of Lomma 42 as fallows:

ISSN:0976-0172
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i 5»\4[@1‘8\\“—4 ] -9 HORYs+ [ -9 hR
° (o (o)

””) [ =51, U’”""Tl [ =g

A ) Mstp 001 = tf

MRS o181 +1] sp £
Ll iy =

o [ s
for some & > 0. Then we have

;e | Nl /
Ry = T [MO(RJ ;\uiwﬂB: i 1)(5:’1”,!1[!]

”& )sup (e Ot = taf* ‘\M}’slllp!mq[f]}

The rest proof s standard. So we onit it here.
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